A rigorous analytical and semi analytical method of lines has been used to calculate the transverse-electric field attenuation coefficient of guided mode as it travels in waveguide bends structure. Both approaches then were compared to get a better understanding on how the attenuation behaves along single curve waveguides with constant radius of curvature. The Helmholtz Equation in polar coordinate was transformed into a curvalinier coordinate to simulate the waveguide bends using the method of line analysis. The simple absorption boundary conditions are used into the method of lines to demonstrate evanescent field of the guided mode nature as its travels in waveguide bends structures. The results show that a reasonable agreement between both theoretical approaches.
Introduction
One of the most important optical integrated devices building blocks is waveguide bends because it defines the overall size of integrated optics in single subtrates. Waveguide bends are required in many basic optical structures, including directional couplers, modulators, ring resonators [1] , arrayed waveguide filters [2] , optical delay lines [3] , S-bend attenuators [4] . and Mach-Zehnder interferometers. However, waveguide bends experience loss as the guided mode enters the curved section which depends on confinement factors and radius of curvature. The loss can be minimized by increasing the mode confinement i.e. by increasing the refractive index differences between core and cladding layers or by decreasing radius of curvatures. Increasing mode confinement will increase the coupling losses when waveguide is coupled into the fiber optics and decreasing radius of curvature will increase the overall integrated optics size. In a silica-based waveguide, there is normally only a very slight variation in refractive index across the cross-section, to allow low loss coupling to a single mode fibre. The slight variation in index is most helpful as it permits the vector wave equation to be replaced by a scalar equation in which the electric field is represented by one vector component. This simplification is known as the weak-guidance approximation. Therefore a precise knowledge on bend waveguides characteristics become important to design a compact integrated optical systems.
So far, a number of efficient numerical techniques have been proposed for the analysis of optical waveguides. These include the finite difference method (FDM), the finite element method (FEM), the beam propagation method (BPM), and the method of lines (MoL) [5] . The finite difference method is the oldest numerical method for solving partial differential equations. It is simple to program and easily applied to non-homogenous refractive index profiles. This method subdivides the domain into many subregions, in which the partial derivatives are replaced by finite difference operators. A set of linear equations are then solved to obtain the eigenvalues. The drawback of the FDM is it offers less flexibility in the modeling of the domain since the subregion is normally rectangular in shape [6] . The finite element method (FEM) can model the most intricate domain geometries. In FEM, the waveguide cross section is divided into surface or volume elements and the field in each element is approximated by a polynomial. The field continuity conditions are imposed on all interfaces between the different elements. A variational expression for Maxwell's equations then is employed to obtain an eigenvalue matrix equation which is solved by standard methods. This method requires a more complex programming structure and is more demanding in both computer time and memory [7] . The beam propagation method (BPM) has been used to analyze various two-and three-dimensional optical devices. The original BPM used an FFT algorithm and solved a paraxial scalar wave equation. The basic idea of the BPM is to represent the electromagnetic field by a superposition of plane waves propagating in homogenous media. The advantages of the BPM are that it can be applied to a structure with an arbitrary cross-section, and that both guided and radiative waves are included in the analysis. However since the formulation is derived under the assumption that the refractive index variation in the transverse direction is very small, the FFT-BPM cannot be applied to structures with large index discontinuities [6] . The method of lines (MoL) has been proved to be a very useful tool for the analysis of general waveguide systems [8] . It is a semi analytical method, in which the wave equation is discretized as far as necessary in the transverse direction and solved analytically in the longitudinal direction, which results in less computational effort. An accurate result can be obtained since the MoL behaves in a stationary fashion and convergence is monotonic [9] . Discontinuous fields can be described accurately because the interface conditions are included in the calculation. Furthermore, the MoL is relatively easy to implement using computer numerical methods. In this paper we compare two different approaches, namely a simple quasianalytic theory based on integration of a phenomenological absorption coefficient, and the method of lines (MoL). Both are applied to a number of different waveguide bend curvatures.
In this paper we applied the method of lines with third order absorbing boundary condition to analyse weakly guiding optical waveguides bends characteristics. For the first approximation we have transformed the Helmholtz wave equation in polar co-ordinates to Cartesian coordinates to simplify the discretisation of waveguide structures. In the process we compared the results with analytical methods as the correct references that has been developed previously. We found that the MoL results are in good agreement with analytical methods. The discrepencies arised from differents radius of curvature used in the calculation and the choices of absorbing boundaries parameters.
Research Method 2.1. Analytical Approach
To analyse the effect of a waveguide bend, consider a bend formed by a circular arc with radius of curvature r as shown in Figure 1 . It is assumed that only the fundamental mode propagates in the guide. If the radius of curvature is large enough (   r ), then the properties of the mode are effectively those of a mode traveling in a straight guide. However, as r decreases, attenuation is expected to occur. Let P(s) be the total power carried by the mode at any point s along the bend. Assuming that the rate of power loss is proportional to the power carried by the mode at that point, we can write: where  is the attenuation coefficient. Provided is constant, equation 1 has the solution:
Marcatili and Miller have shown that the attenuation coefficient is indeed constant for a fixed radius, and can be expressed as [10] :
where C 1 and C 2 are functions of the waveguide parameters but are independent of r. Equation 3 shows that the attenuation coefficient increases exponentially with decreasing bending radius; however, if the radius of curvature become large enough the attenuation becomes negligible. It also shows that the change of with r is dominated by the value of C 2 , which (for a weakly-guiding guide) is given by [11] :
Here n eff = n eff -n 2 , where n 2 is the refractive index of the cladding.
The C 2 value also provides a method for characterising mode confinement, which is useful when investigating techniques for reducing bend losses. Equation 3 shows that  is also affected (but less strongly) by the value of the coefficient C 1 , which is defined as [11] :
where the parameters Z c ,  t , and  ' l are given by:
and,
where  is given by:
and h, and  have their usual meanings [12] .
The C 1 coefficient as defined in equation 4 is not a direct function of n eff , but is related to the difference between the propagation constant within the guide and the cladding refractive index n 2 . Additionally, the C 1 coefficient is strongly model dependent, and so can be used to calculate the guide shape and other parameters. The above formulation of the C 1 and the C 2 coefficients was based on the derivation made by Marcatili et.al [10] and later adopted by Minford et.al [11] . However, two other formulations have been provided by Lee [12] and Marcuse [13, 14] . Lee's version of the C 1 and the C 2 coefficients is as follows [12] : 
Here, k o ,  and h have their usual meaning. In a similar way, Marcuse's version of the coefficients is as follows [14] :
and, 
here, the propagation constant is defined as eff o n k   . It might be expected that these different formulations would give similar results; however, this was not found to be the case.
Method of Lines
In this analysis we begin by considering the behaviour of a guided mode as it travels around a bend of constant curvature. Figure 2 shows a schematic of the geometry. The waveguide has a constant radius of curvature r, which is measured from the centre of the guide. The guide is of width h, which is assumed to be much less than r and is centred on a computational window of width w. The core and cladding refractive indices are given by n 1 and n 2 respectively.
Figure 2. Discretisation of a planar waveguides bends by the MoL
Assuming a y-polarised electric field, the Helmholtz wave equation can be written in polar co-ordinates as [15] : To implement a numerical solution of equation 14 a modification must be made. It involves changing the co-ordinates to a local co-ordinate system that follows the centre of the waveguide along the propagation direction [15] . This change also allows the possibility of analysing the field profile at the local cross-section. By making the substitution:
Equation 14 may be transformed to:
where the constant c = 1/r represents the waveguide curvature. Note that it is easy to see how equation 16 reduces to the scalar wave equation for a straight waveguide when c=0. There are some advantages using equation 16 . Firstly, the computational window can be restricted because the centre is along the path of the waveguide. Secondly, the index profiles need not be altered as the radius of curvature changes, in contrast to the other methods which use the modified index profile [15] . To solve equation 16 by the MoL, the equation is now discretised using the finite difference operator, by putting: (17) and:
If this is done, equation 16 can be written in matrix form as:
., E N ] t is a column vector containing discretised values of the field E y (x), at the points x 1 , x 2 , .... x N , and Q  is a tri-diagonal matrix defined by : Assuming that there is no back-reflection, the general solution for constant matrix elements has the form:
where is a matrix containing the eigenvectors of arranged in columns,   is a diagonal matrix containing the eigenvalues of , and inp E  is the input field vector. One of the most important parameters associated with the waveguide is the fractional power that remains in the core at point z. This power is approximately given by the overlap integral:
where E(x,0) is the input field and E(x,z) is the field at point z.
The Absorbing Boundary Condition
To calculate the modal field of the curved waveguide, it is necessary to restrict the extent of the computational window. Once again, this is done using absorbing boundary conditions. Derivation of appropriate boundary conditions in polar co-ordinate is generally rather complicated [16] . In the calculation described here, we have adopted a simpler approach, applying a straight guide boundary condition to the curved waveguide equation, by using the assumption that the radius of curvature is large enough that the mode inside the bend is similar to that of straight guide.
The absorbing boundary condition is inserted into the edge of the matrix components of equation 20 [16] . In this case, we have used the more effective third-order absorbing boundary condition, where the radical is approximated by:
Differences in the choice of the coefficients, p and q, produces different families of absorbing boundary conditions. These result in differences in the angle of exact absorption of the incoming wave by the absorbing boundary layer. Table 1 shows a list of the coefficient values and absorption angles of the approximations that are most commonly used. Here, we have used the L  type of approximation. q 0 = 1.0000 for each approximation
Results and Analysis
To get a better understanding on how the guided mode evolution during its propagation inside curved waveguides; we have used two methods, i.e. an analytical theory that is assumed to be the right approach and the method of lines. In both calculations parameters of a waveguide bends with a radius 5000 m through an angle of 45 o with different refractive index Figure 3 shows the variation of C 2 calculated using equation 4 with wavelength for different values of n, i.e. for different degrees of waveguide confinement. These results show that C 2 increases as the confinement becomes higher and also that C 2 values generally decrease slowly at long wavelengths. Figure 4 (a) shows that the C 1 coefficients of Lee's and Marcuse's expression are in a good agreement. However, Marcatili's equation gives much lower value. This might well be because of the different approaches used to derive the C 1 coefficient. The Marcatili approximation is obtained from the complex solution of the eigenvalue equation of the waveguide bend, while both Lee and Marcuse use a different approximation based on the local rate of power radiation from the bend. Furthermore, for the C 2 coefficient, Lee's and Marcatili's approximations give a good agreement, while Marcuse's approach gives apparently incorrect values. It can be concluded that Lee's expression is the most likely to be correct. This assumption will be validated later by comparison with the rigorous method of lines. To illustrate the way in which the guided mode evolves in a curved waveguide, we first compare the input and output mode shapes obtained after travelling round a bend of radius 5000 m through an angle of 45 o . Figure 5 (a) shows results obtained for a guide of core index 1.464, cladding index 1.458 and width 5 m at a wavelength of 1.525 m, while Figure 5 (b) shows results for a similar but less strongly confining guide which has a core index of 1.463. The calculations have been done by using the MOL scheme. Figure 5 demonstrates that the output field profile of the mode generally extends into the cladding and its peak is reduced, so that it is gradually radiating power. The amount of the power loss depends on the degree of confinement. For example, in Figure 5 (a), the output field extends into the cladding only to a very limited extent, and the input and the output field shapes are very similar. However, in Figure 5 (b) the output field extends much further into the cladding due to the reduction in confinement. The degree of asymmetry also increases considerably as the confinement is reduced.
We now use the results of the method of lines calculation to estimate an effective attenuation coefficient along a uniformly curved waveguide. This can be done by using equation 1, where the ds s dP ) ( values are found by evaluating the difference in the integrated optical power across the mode in the computational area between two adjacent axial propagation steps. Figure 6 shows the attenuation coefficient found in this way as a function of bending angle , for the parameters n=0.005, 0.006, and 0.007,n 2 =1.458, =1.525 m, h=5 m, and r=5000 m. In each case, the value of is not constant, but rises gradually from zero at the start of the bend and settles to a steady-state value only after some rapid fluctuations. In early analyses, the fluctuations have been associated with transition loss [17] [18] . However, recently it was demonstrated that they are merely a mathematical artefact which is inherent in numerical modelling of bends using beam propagation methods, and the steady-state value is an accurate estimate of the attenuation coefficient after the mode has settled to its final lateral position.
A comparison of the attenuation coefficients predicted by simple theory and the MoL (at large axial distance) is shown in Figure 8 . In the analytical approximations, the C 1 and the C 2 coefficients needed to find the values have been calculated by using each of the three approximations. Figure 8 . A comparison of the attenuation coefficients obtained from the MoL and from the three different analytical expressions Figure 8 demonstrates that good agreement is obtained between the analytical form for the loss coefficient based on Lee's expression and the MoL calculation. A slight difference, however, occurs at a small radius. In contrast, Marcatili's formulation predicts a very low value of when compared to Lee's approximation and the MoL calculation, while Marcuse's formulation predicts much higher values.
The residual discrepancies between the predictions of Lee's theory and the MoL may be explained as follows. In the MoL, the calculation results are highly dependent on a proper choice of absorbing boundary condition at the edge of the computational windows, so that unsuitable conditions give rise to significant reflection back into the computational window and hence lower apparent loss. A similar effect also appears in another numerical scheme [19] . 
Conclusion
We have investigated different analytic approximations to the local loss coefficient in waveguide bends based on constant radius of curvature, and have uncovered disagreement between several previously published analytical expressions. To verify the accuracy of the attenuation coefficient on several publish analytical expression, we have used the beam propagation algorithm based on the method of lines in polar co-ordinate. We have found reasonable agreement with the analytic approximation to the local loss coefficient based on Lee's approach. This agreement might be used to extend the calculation of loss in waveguide bends structure in modelling continuously-varying S-bends waveguides using cascaded section method. Residual disagreement is ascribed mainly to the moderate performance of the absorbing boundary conditions used to limit the range of the calculation window.
